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Abstract
Assuming only the non-zero electron and tau neutrino components ǫee, ǫeτ , ǫττ of the non-
standard matter effect and postulating the atmospheric neutrino constraint ǫττ = |ǫeτ |2/(1 + ǫee),
we study the sensitivity to the non-standard interaction in neutrino propagation of the T2KK
neutrino long-baseline experiment. It is shown that T2KK can constrain the parameters |ǫee| <∼ 1,
|ǫeτ | <∼ 0.2. It is also shown that if |ǫeτ | and θ13 are large, then T2KK can determine the Dirac
phase and the phase of ǫeτ separately, due to the information at the two baselines. We also provide
an argument that the components |ǫαµ| (α = e, µ, τ) must be small for the disappearance oscillation
probability to be consistent with high-energy atmospheric neutrino data, which justifies our premise
that these quantities are negligible.
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I. INTRODUCTION
It has been shown by experiments with solar and atmospheric neutrinos [1] that neutri-
nos have masses and mixings. In the standard three-flavor framework, neutrino oscillations
are described by three mixing angles, θ12, θ13, θ23, one CP phase δ, and two independent
mass-squared differences, ∆m221 and ∆m
2
31. The values of the set of the parameters (∆m
2
21,
θ12) and (∆m
2
31, θ23) have been determined to a certain precision by solar and atmospheric
neutrino experiments, respectively. On the other hand, only the upper bound on θ13 is
known1, sin2 θ13 < 0.04 at 90%CL, and there is an absence of information on δ. In future
neutrino long-baseline experiments (see, e.g., Ref. [8]), the values of θ13 and δ are expected
to be determined precisely. As in the case of B factories [9, 10], such highly precise measure-
ments will enable us to search for deviation from the standard three-flavor oscillations. One
such possibility, which will be discussed in this paper, is the effective non-standard neutral
current-neutrino interaction with matter [11–13], given by
LNSIeff = −2
√
2 ǫfPαβGF (ναγµPLνβ) (fγ
µPf ′), (1)
where f and f ′ stand for fermions (the only relevant ones are electrons, u, and d quarks),
GF is the Fermi coupling constant, and P stands for a projection operator that is either
PL ≡ (1− γ5)/2 or PR ≡ (1+ γ5)/2. In the presence of the interaction Eq. (1), the standard
matter effect [11, 14] is modified. Since we discuss the long-baseline experiments on the
Earth, we make an approximation that the number densities of electrons (Ne), protons,
and neutrons are equal.2 By introducing the notation ǫαβ ≡ ∑P (ǫePαβ + 3ǫuPαβ + 3ǫdPαβ), the
hermitian 3× 3 matrix of the matter potential becomes
A ≡ A

 1 + ǫee ǫeµ ǫeτǫµe ǫµµ ǫµτ
ǫτe ǫτµ ǫττ

 , (2)
where A ≡ √2GFNe.
Constraints on ǫαβ from various neutrino experiments have been discussed in Refs. [15–
23]. Since the coefficients ǫαβ in Eq. (2) are given by ǫαβ ∼ ǫeαβ + 3ǫuαβ + 3ǫdαβ , considering
the constraints by Refs. [15–23], we have the following constraints [24] at 90%CL3:
 |ǫee| < 4× 10
0 |ǫeµ| < 3× 10−1 |ǫeτ | < 3× 100
|ǫµµ| < 7× 10−2 |ǫµτ | < 3× 10−1
|ǫττ | < 2× 101

 . (3)
From this prior study, it is known that the bounds on ǫee, ǫeτ and ǫττ are much weaker than
ǫαµ (α = e, µ, τ), and typically ǫαβ ∼ O(1) (α, β = e, τ) is allowed.
On the other hand, the new physics with components ǫαβ (α, β = e, τ) should be con-
sistent with the high-energy atmospheric neutrino data, which suggest the behavior of the
1 In Refs. [2–7], a global analysis of the neutrino oscillation data has been performed, in which a non-
vanishing best-fit value for θ13 is obtained. This result, however, is compatible with θ13 = 0 at less than
2σ, and it is not yet statistically significant enough to be taken seriously.
2 This assumption is not valid in other environments, e.g., in the Sun.
3 Here, we adopt the conservative bounds on ǫαβ which were derived without using the one-loop arguments,
because the bounds obtained by the loop-contributions are known to be model-dependent [25]. However,
if we accept results based on one-loop arguments, then we get the following bounds at 90%CL: |ǫeµ| <
[
∑
P (|ǫePeµ |2+|3ǫuPeµ |2+|3ǫdPeµ |2)]1/2 ∼ 5×10−3 [26–28], where |ǫePeµ | < 5×10−4 [15], |ǫuPeµ | < 3.1×10−4 [27, 28]
and |ǫdPeµ | < 3.1× 10−4 [27, 28] are used; |ǫeτ | < [
∑
P (|ǫePeτ |2 + |3ǫuPeτ |2 + |3ǫdPeτ |2)]1/2 ∼ 1.7 [27, 28], where
|ǫePeτ | < 0.32 [27, 28], |ǫuPeτ | < 0.28 [27, 28] and |ǫdPeτ | < 0.28 [27, 28] are used.
2
disappearance oscillation probability
1− P (νµ → νµ) ∼ sin2 2θatm sin2
(
∆m2atmL
4E
)
∝ 1
E2
, (4)
where sin2 2θatm and ∆m
2
atm are the oscillation parameters in the two-flavor formalism. Note
that the terms of O(E0) and O(E−1) are absent in Eq. (4). As shown later, the elements
ǫαµ (α = e, µ, τ) should be small so as to produce no term of O(E0) in Eq. (4). Furthermore,
absence of terms of O(E−1) in Eq. (4) implies
|ǫeτ |2 ≃ ǫττ (1 + ǫee) , (5)
as pointed out in Ref. [29, 30]. When Eq. (5) is satisfied, two of the three eigenvalues of the
matrix (2) with ǫαµ = 0 (α = e, µ, τ) become zero. Only in this case, one of the frequencies of
the three oscillation modes at high energy coincides with the one in the vacuum oscillation,
and the disappearance oscillation probability of νµ behaves as in Eq. (4). The effect of
the non-standard interaction in propagation for solar neutrinos has also been discussed in
Refs. [19, 22, 23, 31, 32], and Refs. [23] and [32] give a constraint −0.06 < ǫdVeτ sin θ23 < 0.41
(at 90%CL) and |ǫdVeτ | <∼ 0.4 (at ∆χ2 = 4 for 2 d.o.f.), respectively.
The sensitivity of the ongoing long-baseline experiments to the non-standard interaction
in propagation has been studied for MINOS [33] in Refs. [34–37], and for OPERA [38] in
Refs. [39, 40]. On the other hand, for the sensitivity of future long-baseline experiments,
Ref. [41] provided the sensitivity of the T2KK experiment [42, 43], an extension of the T2K
neutrino oscillation experiment [44] with a far detector in Korea, in the two-flavor analysis
with ǫeα = 0 (α = e, µ, τ). The sensitivity of the reactor and super-beam experiments was
discussed in Ref. [45], and the sensitivity of neutrino factories [8, 46] has been discussed by
many authors [47–54].
In the present paper we analyze the sensitivity to the parameters ǫαβ of the T2KK
experiment, assuming ǫµα = 0 (α = e, µ, τ) and ǫττ = |ǫeτ |2/(1+ ǫee). We do not discuss the
so-called parameter degeneracy [55–58], since little is known about parameter degeneracy in
the presence of the new physics, and the study of the subject is beyond the scope of this
paper.
The paper is organized as follows. In sect.II, we discuss the constraints on the ǫαβ
parameters from the high-energy atmospheric neutrino data. In sect.III, we analyze the
sensitivity of T2KK to the new physics parameters. In sect.IV, we draw our conclusions.
In the appendices A–G we provide details of the derivation of the analytic formulae for the
oscillation probabilities and their high-energy behaviors.
II. ATMOSPHERIC NEUTRINOS AND THE NON-STANDARD INTERACTION
IN PROPAGATION
In Refs. [29, 30], it was pointed out that the new physics should be consistent with the
constraint imposed by the atmospheric neutrino data, which suggest that the disappearance
oscillation probability at high-energy satisfies Eq. (4). In the standard three-flavor scheme,
the high-energy behavior is
lim
E→∞
1− P (νµ → νµ)
(∆E31/A)2
≃ lim
E→∞
1
(∆E31/A)2
[
4
|Uµ3|2
c213
(
1− |Uµ3|
2
c213
)
sin2
(
c213∆E31L
2
)
3
+ 4
(
∆E31
A
)2
|Uµ3|2s213 sin2
(
AL
2
)]
≃ sin2 2θ23
(
c213AL
2
)2
+ s223 sin
2 2θ13 sin
2
(
AL
2
)
, (6)
where ∆Ejk ≡ Ej − Ek ≃ ∆m2jk/2E. (See the appendix A for derivation of the oscillation
probability in constant density matter and the appendix B for derivation of its high-energy
behavior (6)). In the following discussions, we assume the generic matter potential (2), and
derive the high-energy behavior
1− P (νµ → νµ) ≃ c0 + c1
E
+O
(
1
E2
)
, (7)
and postulate |c0| ≪ 1 and |c1| ≪ 1. Note that the term of O(E−2) corresponds to the
standard results (4) in the two-flavor scheme or (6) in the three-flavor case, where the
information on the atmospheric neutrino oscillation parameters appears. In the presence of
the matter potential (2), as we discussed in detail in the appendix C, assuming the constant
density of matter, we can obtain the analytic form for the behavior (4) of the disappearance
oscillation probability at high energy, in which |A/∆E31| ≡
√
2GFNe/(|∆m231|/2E) ≪ 1 is
satisfied. The leading term c0 in Eq. (7) is given by
c0 ≃

1− 1 + ǫee + ǫττ
(1 + ǫee)|ǫµτ |2 + ǫττ |ǫeµ|2 − 2Re(ǫeµǫµτ (ǫeτ )∗)
( |ǫeµ|2 + |ǫµµ|2 + |ǫµτ |2
1 + ǫee + ǫττ
− ǫµµ
)2
× sin2
[
AL
(1 + ǫee)|ǫµτ |2 + ǫττ |ǫeµ|2 − 2Re(ǫeµǫµτ (ǫeτ )∗)
1 + ǫee + ǫττ
]
+4
[ |ǫeµ|2 + |ǫµµ|2 + |ǫµτ |2
(1 + ǫee + ǫττ )2
− (1 + ǫee)|ǫµτ |
2 + ǫττ |ǫeµ|2 − 2Re(ǫeµǫµτ (ǫeτ )∗)
(1 + ǫee + ǫττ )3
]
× sin2
(
(1 + ǫee + ǫττ )AL
2
)
. (8)
For Eq. (8) to be consistent with Eq. (4), we should have ǫeµ ≃ ǫµµ ≃ ǫµτ ≃ 0 (see appendix
C).
In Refs. [16, 18, 59], the two-flavor analysis of the atmospheric neutrino data with the
matter effect
A
(
ǫµµ ǫµτ
ǫµτ ǫττ
)
was performed. In this case, in the limit E → ∞ the disappearance oscillation probability
results in
1− P (νµ → νµ) ≃ |ǫµτ |
2
(ǫµµ − ǫττ )2/4 + |ǫµτ |2 sin
2
(
AL
√
(ǫµµ − ǫττ )2/4 + |ǫµτ |2
)
.
This suggests that the two parameters |ǫµτ | and |ǫµµ − ǫττ | should be small so as to be
consistent with the high-energy behavior (4), and in fact, the authors of Ref. [59] obtained
the bounds |ǫµτ | < 1.5 × 10−2 and |ǫµµ − ǫττ | < 4.9 × 10−2 at 90%CL. In the three flavor
framework, as seen below, ǫαβ ∼ O(1) (α, β = e, τ) can be consistent with the atmospheric
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neutrino data as long as ǫττ − |ǫeτ |2/(1 + ǫee) ≃ 0 is satisfied [29, 30]. We see that the two
flavor constraints in Refs. [16, 18, 59] are consistent with three flavor ones as follows: As for
ǫττ , since |ǫµµ| ≪ 1, the bound |ǫµµ− ǫττ | ≪ 1 in the two flavor framework implies |ǫττ | ≪ 1.
The two flavor framework can be regarded as a subset of the three flavor case in the limiting
case ǫee = ǫeτ = θ13 = ∆m
2
21 = 0, so the constraint Eq. (5) in the two flavor case leads to
|ǫττ | ≃ 0. On the other hand, the bound on |ǫµτ | in the three flavor case is independent of
other components ǫαβ , so the bound |ǫµτ | <∼ O(10−2) is expected to be valid both in the two
and three flavor cases. While |ǫµµ| ≪ 1 and |ǫµτ | ≪ 1 were first shown in Refs. [15] and [16],
respectively, if we do not accept the one-loop arguments [15] to constrain ǫeµ as in Ref. [25],
then the observation in this paper that |ǫeµ| ≪ 1 follows from the the atmospheric neutrino
constraint is new, although our discussions are based only on an analytical treatment.4
In the following discussions, therefore, let us assume that ǫeµ = ǫµµ = ǫµτ = 0. Then
we obtain the coefficient c1 of the term of the next-to-leading order in 1/E in Eq. (7) (see
appendix D):
c1 ≃ − 2s
2
23∆m
2
31
(1 + ǫee)A∆t32
[
t23
ζ ′
sin2
{
(1 + ǫee)ζ
′AL
2t3
}
+
ζ ′
t23
sin2
{
(1 + ǫee)t3AL
2
}]
, (9)
where
ζ ′ ≡ 1
1 + ǫee
(
ǫττ − |ǫeτ |
2
1 + ǫee
)
t3 ≡ 1
2(1 + ǫee)
[
1 + ǫee + ǫττ +
√
(1 + ǫee + ǫττ )2 − 4(1 + ǫee)2ζ ′
]
∆t32 ≡ 1
2(1 + ǫee)
√
(1 + ǫee + ǫττ )2 − 4(1 + ǫee)2ζ ′ .
Again, for Eq. (9) with Eq. (7) to be consistent with the high-energy behavior (4), we should
have
ǫττ − |ǫeτ |
2
1 + ǫee
≃ 0.
This agrees with the conclusion ǫττ ≃ |ǫeτ |2/(1 + ǫee) in Refs. [29, 30].
Thus, let us assume ǫττ − |ǫeτ |2/(1 + ǫee) = 0. In this case, it is convenient to introduce
the new variable
tβ ≡ tan β ≡ |ǫeτ |
1 + ǫee
. (10)
Then, we have the following high-energy behavior (see appendix E):
1− P (νµ → νµ)
(∆E31/A)2
≃ 4 s
2
23
(c′′13)
2
{
1− s
2
23
(c′′13)
2
}{
(c′′13)
2AL
2
}2
+
s223
(c′′13)
2
sin2 2θ′′13
(
c2β
1 + ǫee
)2
sin2
(
(1 + ǫee)AL
2c2β
)
. (11)
4 Before Ref. [25] appeared, the bounds |ǫfPeµ | < O(10−4) (90%) in Ref. [15] based on the one-loop arguments
were widely accepted, and this was used to justify the assumption ǫeµ ≃ 0 in Refs. [29, 30].
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where c′′13 ≡ cos θ′′13, cβ ≡ cos β, sβ ≡ sin β, and the new angle θ′′13, which is introduced in the
appendix F to diagonalize the mass matrix in the presence of the new physics, is defined by
Eq. (F6).
Comparing Eqs. (6) and (11), we see that if
1 + ǫee = c
2
β (12)
is satisfied, then by introducing the two effective mixing angle
sin2 θeff23 ≡
s223
(c′′13)
2
(13)
θeff13 ≡ θ′′13 , (14)
Eq. (11) shows almost the identical behavior as that of the standard scheme (6).
A few remarks are in order.
Firstly, although Eq. (12) is satisfied only in a narrow region,5 as long as Eq. (12) holds,
the high-energy behavior of the disappearance oscillation probability coincides with that
of the standard three-flavor scheme. Off this upper half circle, equivalence between the
behaviors of Eqs. (11) and (6) are lost, but it is expected that due to the experimental errors
around this upper half circle, there exist some regions in which the behaviors of Eq. (11) and
(6) are similar.
Secondly, Eq. (14) indicates that the angle θ′′13 plays a role similar to that of θ13 in the
standard scheme. Note that the corrections in Eq. (6) due to θ13 were not discussed in
Refs. [29, 30], where it was suggested that the quantities that appear in Eq. (11) imply the
effective two-flavor mixing angle, sin2 θatm = (1 + t
2
β)s
2
23/(1 + s
2
23t
2
β) and the effective mass-
squared difference ∆m2atm = ∆m
2
32(1+ s
2
23t
2
β)/(1+ t
2
β). While the former is exactly the same
as Eq. (13) in the limit θ13 → 0, the latter does not appear in our result. This is because
the correction factor (1+ s223t
2
β)/(1+ t
2
β) naturally arises from the three-flavor contributions,
i.e., from the θ13 dependent terms, and we need not normalize ∆m
2. If we postulate the
effective mixing angle to be θeff23 = π/4 in Eq. (13), then c23 ≡ cos θ23 > 0 can be expressed
by β and θ13 as
c23 =
sβcβs13c13 cosΦ
2− s2βc213
+

1 + c
2
βs
2
13
2− s2βc213
+
(
sβcβs13c13 cosΦ
2− s2βc213
)2

1/2
, (15)
where we have introduced
Φ ≡ δ + arg(ǫeτ ).
In the limit θ13 → 0, Eq. (15) agrees with the expression c223 = 1/(1 + c2β) obtained in
Refs. [29, 30].
Thirdly, Ref. [60] performed a three-flavor analysis of the atmospheric neutrino data, and
the authors concluded that the atmospheric neutrino data alone gives s213 < 0.14 (0.27) at
90%CL for a normal (inverted) mass hierarchy. This implies that the range s213 < 0.14 is
consistent at 90%CL with the high-energy atmospheric neutrino data, i.e., the upward going
µ events. In the present case, we found that the value of (s′′13)
2 can be made smaller than
5 In fact, Eq. (12) stands for an upper half circle around a center (-1/2,0) with a radius 1/2 in the (ǫee, |ǫeτ |)
plane.
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0.14 in almost all the region for 0 ≤ sin2 2θ13 < 0.15 and 0 ≤ s2β < 0.5, by adjusting the value
of Φ. With the conditions (12), (13), (14), therefore, the region around the upper half circle
for |ǫeτ | <∼ 0.5 and −1/2 <∼ 1 + ǫee <∼ 0 is expected to be consistent with the atmospheric
neutrino data.
Thus, taking into account the various constraints described above, we will work with the
ansatz
A = A

 1 + ǫee 0 ǫeτ0 0 0
ǫ∗eτ 0 |ǫeτ |2/(1 + ǫee)

 (16)
in the following discussions.
III. SENSITIVITY OF T2KK TO ǫee AND ǫeτ
In this section we discuss the sensitivity of the T2KK experiment to the non-standard
interaction in propagation with the ansatz (16). Since ǫττ is expressed in terms of ǫeτ and
ǫee, the only new degrees of freedom are ǫee, |ǫeτ | and arg(ǫeτ ). Firstly, in sect. IIIA, we
briefly describe the setup of the T2KK experiment. Secondly, in sect. III B, we consider the
(ǫee, |ǫeτ |) plane and discuss the region in which T2KK can discriminate the non-standard
interaction in propagation from the standard three-flavor scenario. Thirdly, in sect. III C, we
study the case in which new physics can be discriminated and discuss how precisely T2KK
can determine ǫee and |ǫeτ |. Then, in sect. IIID, we consider whether the two complex phases
δ and arg(ǫeτ ) can be determined separately.
A. The T2KK experiment
The T2KK experiment [42, 43] is a proposal for the future extension of the T2K experi-
ment [44]. In this proposal, a water Cherenkov detector is placed not only in Kamioka (at
a baseline length L = 295 km) but also in Korea (at L = 1050 km), whereas the power of
the beam at J-PARC in Tokai Village is upgraded to 4 MW. As in the T2K experiment, it
is assumed that T2KK uses an off-axis beam with a 2.5◦ angle between the directions of the
charged pions and neutrinos, and the neutrino energy spectrum has a peak approximately
at 0.7 GeV. Because the two detectors are assumed to be identical, some of the systematic
errors cancel. Also, because the distances of the two detectors from the source are differ-
ent, parameter degeneracy in the three-flavor oscillation scenario [55–58] is expected to be
resolved with this complex [42, 43, 61–64].
In this paper, we assume the same setup as that in Refs. [41, 62]. In our analysis, we
use the disappearance channel νµ → νµ and ν¯µ → ν¯µ, the appearance one νµ → νe and
ν¯µ → ν¯e, and data from single-Cherenkov-ring electron and muon events. We assume that
the measurement will run for 8 years in total, 4 years each for the neutrino and anti–
neutrino beams. The fiducial volume of each detector is 0.27 Mton. The density of the
Earth is assumed to be ρ = 2.3 [g/cm3] in the case of Tokai–Kamioka, and ρ = 2.8 [g/cm3]
in the case of Tokai–Korea. The electron fraction Ye is assumed to be 0.5. The energy
resolution is considered to be 80 MeV. We use various information such as the neutrino flux
from Ref. [65].
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B. Bounds on ǫee and ǫeτ
Firstly, we discuss the case of the region (ǫee, |ǫeτ |), in which we can distinguish the new
physics with ansatz (16) from the standard three-flavor scheme. To perform such a test, we
introduce the following quantity:
∆χ2 = min
param,ǫℓ
[ 4∑
k=1
{ 5∑
i=1
1
σ2i (e)
{N0i (e) +B0i (e)−Ni(e)
∑
l=3,7
(1 + f(e)ilǫl)
−Bi(e)
∑
l=1,2,7
(1 + f(e)ilǫl)}2
+
20∑
i=1
1
σ2i (µ)
{N0i (µ) +B0i (µ)−Ni(µ)
∑
l=4,5,7
(1 + f(µ)ilǫl)
−Bi(µ)
∑
l=4,6,7
(1 + f(µ)ilǫl)}2
}
+
7∑
l=1
(
ǫl
σ˜l
)2 +∆χ2prior
]
, (17)
where the prior ∆χ2prior is given by
∆χ2prior ≡
2.7× (sin2 2θ23 − 1.0)2
(0.06)2
+
(sin2 θ13 − 0.02)2
(0.01)2
+
(|∆m231| − 2.4× 10−3[eV2])2
(1.5× 10−4[eV2])2 .
In principle we could perform an analysis without the prior ∆χ2prior, but in that case it
would take more computation time by minimizing ∆χ2 for the parameter region which
is already excluded by the present data of the atmospheric and reactor experiments. So
we have included the prior in our analysis to save computation time. In Eq. (17), N0i (e),
N0i (µ) (B
0
i (e), and B
0
i (µ)) are the expected signal (background) numbers of events in the
presence of the new physics (16), while Ni(e), Ni(µ) (Bi(e), and Bi(µ)) are the expected
signal (background) numbers of events in the three-flavor framework with the standard
matter effect. All these numbers except B0i (e) and Bi(e) depend on the neutrino oscillation
parameters. The indices i and k = 1, · · · , 4 stand for the number of the neutrino energy bin
for electrons and muons and the four combinations of detectors in Kamioka and Korea with
the neutrino and anti-neutrino beams, respectively. For the electron events, there are five
energy bins (400-500 MeV, 500-600 MeV, 600-700 MeV, 700-800 MeV, and 800-1200 MeV),
whereas for the muon events, there are twenty bins from 200 to 1200 MeV with 50 MeV
width. σi(ℓ) (ℓ = e, µ) stands for the statistical uncertainties, whereas ǫℓ (ℓ = 1, · · · , 7)
stands for the systematic uncertainties in the expected number of signals and backgrounds.
∆χ2 is defined by minimizing the quantity inside the square bracket in Eq. (17) with respect
to the uncertainties ǫℓ as well as the oscillation parameters (|∆m231|, sign(∆m231), θ23, δ) of
the standard three-flavor scheme, on which the numbers of events Ni(e), Ni(µ), Bi(e), and
Bi(µ) depend. The uncertainties in Bi(e) and Ni(e) are represented by 4 parameters ǫj (j =
1, 2, 3, 7). The backgrounds in the muon events are referred to as non-quasi-elastic events in
Refs. [41, 62]. The uncertainties in Bi(µ) and Ni(µ) are represented by 4 parameters ǫj (j =
4, · · · , 7). The parameter f(e or µ)ij indicates the possible dependence of the parameter ǫj on
the i-th energy bin. ǫ1 stands for the uncertainty in the overall background normalization for
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electron events with σ˜1 = 0.05. ǫ2 is the energy-dependent uncertainty for the background
electron-like events with a function f(e)i2 = ((Eν − 800 MeV)/400 MeV) and σ˜2 = 0.05. ǫ3
is the uncertainty in the detection efficiency for the electron signal events with σ˜3 = 0.05. ǫ4
is the energy-dependent uncertainty for both the muon signal and background events with
the function f(µ)i4 = (Eν − 800 MeV)/800 MeV and σ˜4 = 0.05. ǫ5 is the uncertainty in the
signal detection efficiency for the muon signal events with σ˜5 = 0.05. ǫ6 is the uncertainty
in the separation of quasi-elastic and non-quasi-elastic interactions in the muon events and
σ˜6 = 0.20. ǫ7 stands for the uncertainty in the neutrino flux in Korea, and σ˜7 is assumed to
be the predicted flux difference between those in Kamioka and in Korea, given in Ref. [66].
In Eq. (17), the numbers of events N0i (e), N
0
i (µ) (B
0
i (e), and B
0
i (µ)) depend not only on
the new physics parameters ǫee, |ǫeτ |, arg(ǫeτ ) but also on the standard oscillation parameters,
which we denote as θ¯12, θ¯13, θ¯23, ∆m¯
2
21, ∆m¯
2
31, and δ¯. Here, we take the best-fit values for
most of the standard oscillation parameters as the reference values:
sin2(2θ¯12) = 0.87
sin2(2θ¯23) = 1.0
∆m¯221 = 7.9× 10−5eV2
∆m¯232 = 2.4× 10−3eV2 (18)
On the other hand, since we have no information on θ¯13 and δ¯, we will take several reference
values for these parameters.
The results are shown in Figs.1–4, where the curves are drawn at 90%CL (∆χ2 = 4.6
for 2 degrees of freedom). The new physics with the ansatz (16) can be distinguished from
the standard three-flavor scheme outside the curves. Four different choices for the phases δ
and arg(ǫeτ ) are taken, where the sum of the two phases is the same in each figure. It has
been known [48, 67] that in the limit of ∆m221 → 0, the oscillation probability P (νµ → νe)
depends only on the combination δ + arg(ǫeτ ) of the phases. If the four curves in Figs.1–4
coincided with each other, then it would mean that the contribution of the solar mass-
squared difference were small. From these figures, however, the behaviors of the four curves
are different even if δ+arg(ǫeτ ) = constant, so the contribution of ∆m
2
21 is not negligible. This
is because we are considering the oscillation probabilities in Korea, where ∆m221L/4E ∼ 0.3.
The analytic form of the oscillation probability P (νµ → νe) is given in the appendix F, where
the correction to P (νµ → νe) to the first order in ∆m221 is also given. The corrections to the
energy eigenvalues E˜j (j = 1, 2, 3) are proportional to either sin
2 θ′′12 or cos
2 θ′′12, where θ
′′
12
is defined in Eq. (F7), and θ′′12 depends mainly on arg(ǫeτ ). From these figures we conclude
that the T2KK experiment can distinguish the new physics with ansatz (16) at 90%CL
approximately for |ǫee| >∼ 1 and |ǫeτ | >∼ 0.2. In other words, if T2KK lacks evidence of a new
physics, then with the ansatz (16), we can put bounds on the two parameters: |ǫee| <∼ 1 and
|ǫeτ | <∼ 0.2. While the bound on ǫee is modest, the one on |ǫeτ | is impressive compared with
the present bound (3).
C. Precision in determination of ǫee, |ǫeτ |
Let us now turn to the case with affirmative results in the T2KK experiment, i.e., we will
discuss the points that lie outside the curves in the (ǫee, |ǫeτ |) plane in Figs.1–4.6
6 Since we have the fixed value of θ13, we do not have the θ13 − ǫeτ confusion in Ref. [49], in which it was
shown that the same neutrino survival probability is produced by the different pairs of (θ13, ǫeτ ).
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FIG. 1. Region in which the new physics is discriminated at 90%CL from the standard three-flavor
scheme for sin2 2θ¯13 = 10
−4.
First, we discuss the experimental errors in ǫee and |ǫeτ |, i.e., the correlation of errors for
these two variables. In this case, we introduce the following quantity, which is similar to
Eq. (17):
∆χ2 = min
param,ǫℓ
[ 4∑
k=1
{ 5∑
i=1
1
σ2i (e)
{N0i (e) +B0i (e)−Ni(e)
∑
l=3,7
(1 + f(e)ilǫl)
−Bi(e)
∑
l=1,2,7
(1 + f(e)ilǫl)}2
+
20∑
i=1
1
σ2i (µ)
{N0i (µ) +B0i (µ)−Ni(µ)
∑
l=4,5,7
(1 + f(µ)ilǫl)
−Bi(µ)
∑
l=4,6,7
(1 + f(µ)ilǫl)}2
}
+
7∑
l=1
(
ǫl
σ˜l
)2
]
, (19)
where most of the definitions are the same as those in Eq. (17). The only differences between
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FIG. 2. Region in which the new physics is discriminated at 90%CL from the standard three-flavor
scheme for sin2 2θ¯13 = 10
−3.
(17) and (19) are that the prior is absent in the latter, and that Ni(ℓ) (ℓ = e, µ) and
Bi(ℓ) (ℓ = e, µ) in the latter (in the former) are the expected numbers of events in the
presence of new physics with ansatz (16) (in the standard scheme), respectively. Namely,
both N0i (ℓ) (ℓ = e, µ) and (B
0
i (ℓ) (ℓ = e, µ) and are the expected number of events in
the presence of a new physics with the ansatz (16) in Eq. (19). The number of events
N0i (ℓ) (ℓ = e, µ) depends on the parameters of the new physics (ǫ¯ee, |ǫ¯eτ |, and arg(ǫ¯eτ )) as
well as the oscillation parameters of the standard scheme θ¯12, θ¯13, θ¯23, ∆m¯
2
21, ∆m¯
2
31, and
δ¯. We fix ǫ¯ee, |ǫ¯eτ | at some points outside the curves in Figs.1–4 and evaluate ∆χ2 as a
function of ǫee and |ǫeτ |, which appear in the argument of Ni(ℓ) (ℓ = e, µ). For simplicity,
we assume the central values given in Eqs. (18) for θ¯12, θ¯23, ∆m¯
2
21, and ∆m¯
2
31. For θ¯13, we
take a few representative values sin2 2θ¯13 = 10
−4, 10−2, 0.12. We assume normal hierarchy
and fix the value of the phases as δ¯ = π and arg(ǫ¯eτ ) = π for simplicity. As for the variables
in Ni(ℓ) (ℓ = e, µ), for simplicity we equate the variables θ12, θ13, θ23, ∆m
2
21, ∆m
2
31, δ, and
arg(ǫeτ ) to θ¯12, θ¯13, θ¯23, ∆m¯
2
21, ∆m¯
2
31, δ¯, and arg(ǫ¯eτ ) in N
0
i (ℓ) (ℓ = e, µ), respectively. In
this analysis, we do not introduce any prior because it will be difficult to estimate it in the
presence of the new physics. Thus, in Eq. (19), we only minimize the quantity in the square
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FIG. 3. Region in which the new physics is discriminated at 90%CL from the standard three-flavor
scheme for sin2 2θ¯13 = 10
−2.
bracket with respect to the parameters ǫℓ (ℓ = 1, · · · , 7), and we evaluate ∆χ2 as a function
of the variables ǫee and |ǫeτ |.
The results are shown in Fig.5, where the contours around the true points are depicted at
90%CL (∆χ2 = 4.6 for 2 degrees of freedom) for three different values of θ13. The straight
lines |ǫeτ | = 1.1 × |1 + ǫee| in Fig.5 stand for the approximate bound from the atmospheric
neutrinos, which lead to cos2 β > 0.45 or | tanβ| <∼ 1.1 [30], and we have examined only the
points below these straight lines. As seen from Fig.5, the error in |ǫeτ | is relatively smaller
compared with that in ǫee for all the values of θ13. The experimental error in ǫee increases
for smaller values of |ǫeτ | and θ13. For |ǫeτ | <∼ 0.3, therefore, the possibility of ǫee = 0 cannot
be excluded by the experiment, while |ǫeτ | = 0 can be for |ǫeτ | >∼ 0.2. For 1 + ǫee < 0, the
correlation in ǫee and |ǫeτ | increases, and in this case, even if T2KK can discriminate the
new physics from the standard scheme, the determination of these parameters is difficult.
We have also analyzed other combinations of the phases δ and arg(ǫeτ ) and they share the
same features as in Fig.5.
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FIG. 4. Region in which the new physics is discriminated at 90%CL from the standard three-flavor
scheme for sin2 2θ¯13 = 0.12.
D. CP violating phases
In the ansatz (16), there are two phases δ and arg(ǫ¯eτ ), and if a new physics exists at all,
then it becomes important whether we can determine these two phases separately. Thus, we
address this question next. In this case, we can use the same ∆χ2 in Eq. (19), but there are
two differences between this and sect.III C. Firstly, here we vary the variables ǫee and |ǫeτ |
in Ni(ℓ) (ℓ = e, µ) and minimize the quantity in the square bracket in Eq. (19) with respect
to these two parameters as well as the parameters ǫℓ. Secondly, ∆χ
2 is plotted as a function
of the two variables δ and arg(ǫ¯eτ) in Ni(ℓ) (ℓ = e, µ) here, while it is plotted as a function
of the two variables ǫee and |ǫeτ | in Ni(ℓ) (ℓ = e, µ) in sect.III C.
The results at 90%CL are shown in Figs. 6 and 7 for (ǫ¯ee, |ǫ¯eτ |) = (0.8, 0.2) and (2.0, 2.0),
respectively. Since we are discussing the cases that can be distinguished from the standard
scheme, relatively large values of |ǫ¯eτ | are chosen in both examples. Again δ¯ = arg(ǫ¯eτ ) = π
is assumed for the true values of the phases. To clarify the roles of the detectors at the two
baseline lengths, separate contours are given for the result from the detector in Kamioka,
for that from the detector in Korea, and for that from the combination of the two. As
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FIG. 5. Correlation in (ǫee, |ǫeτ |): The contours around the true points are depicted at 90%CL.
δ¯ = arg(ǫ¯eτ ) = π is assumed.
in the standard three-flavor case, if θ13 is very small, neither the detector in Kamioka nor
the one in Korea can provide any information on δ. As the value of θ13 increases, the
sensitivity to δ of the detectors in Kamioka and Korea increases. For larger values of θ13,
the sensitivity to arg(ǫeτ ) depends on the value of |ǫeτ |. For larger (smaller) values of |ǫeτ |,
sensitivity to arg(ǫeτ ) is good (poor). These features can be understood qualitatively by
looking at the T violating term in the oscillation probability P (νµ → νe) (see appendix
G for details). In the present case, there are two sources for T violation, the standard one
Im{Y µe3 (Y µe2 )∗}std and the extra one Im{Y µe3 (Y µe2 )∗}NP because of the new physics. From the
explicit forms (G3) and (G4), the ratio of the two terms is roughly given by (std)/(NP)∼
|∆E31||Ue3|/(A|ǫeτ ||Uτ3|) ∼ 10s13/|ǫeτ |. This implies that if sin2 2θ13 >∼ (<∼) O(10−3) and
if |ǫeτ | = 0.2, then the contribution of θ13 is large (small). If |ǫeτ | is very large, then the
oscillation probability and the number of events becomes so large that the sensitivity of both
the detectors to the two phases increases, as shown in Fig. 7.
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IV. CONCLUSIONS
In this paper we have studied the sensitivity of the T2KK experiment to the non-standard
interaction in propagation with the ansatz (16).
To justify our premise, we have provided an argument that ǫµα (α = e, µ, τ) must be
small for the behavior of the disappearance probability to be consistent with the high-energy
atmospheric neutrino data. Using the analytical form of the disappearance probability, we
showed that ǫµα (α = e, µ, τ) ≃ 0 as well as ǫττ ≃ |ǫeτ |2/(1 + ǫee) are necessary for the
disappearance probability to be consistent with the high-energy behavior 1−P (νµ → νµ) ∝
1/E2 in the high-energy atmospheric neutrino data. This speculation should be verified
explicitly by numerical calculations in the future.
With the ansatz (16), we have looked for the region in the (ǫee, |ǫeτ |) plane in which
T2KK can distinguish the new physics from the standard three-flavor scheme. At 90%CL
T2KK can discriminate the new physics from the standard case for approximately |ǫee| >∼ 1
and |ǫeτ | >∼ 0.2. These values can be interpreted as bounds for these parameters, if T2KK
has negative evidence for a new physics. While the bound on ǫee by T2KK is modest, the
bound on |ǫeτ | by T2KK is much stronger than the present one |ǫeτ | <∼ 3, and the latter
is also stronger than those by other on-going long-baseline experiments such as MINOS or
OPERA: If sin2 2θ13 ≃ 0.07, then MINOS will give a bound |ǫeτ | <∼ 1 at 90%CL [35–37],
and the combination of MINOS, OPERA and Double-CHOOZ gives a bound −2.2 (−2.5) <∼
15
ǫeτ <∼ 0.6 (0.5) at 95%CL for sin2 2θ13 = 0.05 (0.1)[39].
On the other hand, if the true values of the new physics parameters lie much outside
these bounds, then T2KK can determine the values of ǫee, |ǫeτ |, and arg(ǫeτ ). In particular,
if the values of θ13 and |ǫeτ | are relatively large (sin2 2θ13 >∼ O(0.01), |ǫeτ | >∼ 0.2), then
we can determine the two phases δ, arg(ǫeτ) separately. This determination is possible,
because the oscillation probability in Korea with the baseline L = 1050 km receives a non-
negligible contribution from the solar mass-squared difference ∆m221, and it induces terms
that approximately depend only on arg(ǫeτ ).
Since our analysis is based on the ansatz (16), all the results derived in this paper are
approximate ones. Nethertheless we believe that our conclusions are valid.
Long-baseline neutrino experiments with longer baselines (L >∼ 1000 km) are sensitive to
the matter effect because of the matter effect contribution appears in the form of AL/2 ∼
L/4000 km in the argument of a sine function in the oscillation probability. They are,
therefore, also sensitive to a non-standard interaction in propagation. Among long-baseline
experiments with longer baselines, T2KK, for which the matter effect and the contribution
from the solar mass-squared difference are smaller than the one from the atmospheric mass-
squared difference (|∆E21| ∼ A≪ |∆E31|), is different from neutrino factories, for which the
contribution from the solar mass-squared difference is smaller than the matter effect and the
one from the atmospheric mass-squared difference (|∆E21| ≪ A ∼ |∆E31|). Consequently,
the features of T2KK can complement those of neutrino factories. While T2KK is known to
be powerful in resolving parameter degeneracy in the standard three-flavor scenario, further
studies on the new physics potential of T2KK should be pursued.
Appendix A: Analytic treatment of the oscillation probability in constant density
matter
Throughout this paper, we assume that the density of matter is constant. In this appendix
we derive analytically the neutrino oscillation probability in constant density matter. Let
us start with the Dirac equation
i
dΨ
dt
=
(
UEU−1 +A
)
Ψ, (A1)
where Ψ ≡ (νe, νµ, ντ )T is the flavor eigenstate,
E ≡ diag (E1, E2, E3) , (A2)
is a diagonal matrix with the energy eigenvalues in vacuum, and we assume the nonstandard
matter potential A defined in Eq. (2). In practical calculations, it is easier to subtract the
mass matrix UEU−1 +A by E11, which only affects the phase of the oscillation amplitude.
In the following, therefore, by Eq. (A2) we mean
E ≡ diag (E1, E2, E3)−E11 = diag (0,∆E21,∆E31) , (A3)
where ∆Ejk ≡ Ej − Ek ≃ ∆m2jk/2E.
The 3 × 3 matrix on the right hand side of the Dirac equation (A1) can be formally
diagonalized as:
UEU−1 +A = U˜ E˜U˜−1, (A4)
16
where
E˜ ≡ diag
(
E˜1, E˜2, E˜3
)
is a diagonal matrix with the energy eigenvalues in matter.
As in the case of the oscillation probability in vacuum, Eq. (A1) can be integrated as
Ψ(L) = U˜ exp
(
−iE˜L
)
U˜−1Ψ(0)
Thus the oscillation probability P (να → νβ) is given by
P (να → νβ) =
∣∣∣∣[U˜ exp (−iEL) U˜−1]βα
∣∣∣∣2
= δαβ − 4
∑
j<k
Re
(
X˜αβj X˜
αβ∗
k
)
sin2
(
∆E˜jkL
2
)
−2∑
j<k
Im
(
X˜αβj X˜
αβ∗
k
)
sin
(
∆E˜jkL
)
, (A5)
where we have defined
X˜αβj ≡ U˜αjU˜∗βj , (A6)
∆E˜jk ≡ E˜j − E˜k,
and α, β = (e, µ, τ) and j, k = (1, 2, 3) stand for the indices of the flavor and mass eigenstates,
respectively. Eq. (A5) shows that we can obtain the oscillation probability if we know the
energy eigenvalues E˜j and X˜
αβ
j . The former can be obtained by the eigenvalue equation
|UEU−1 + A − t1| = 0, while the latter can be obtained by the formalism of Kimura,
Takamura and Yokomakura [68, 69].
Let us briefly see how we get X˜αβj [67–71]. From the unitarity condition of the matrix U˜ ,
we have
δαβ =
[
U˜ U˜−1
]
αβ
=
∑
j
U˜αjU˜
∗
βj =
∑
j
X˜αβj . (A7)
Note that the quantity X˜αβj was defined in Eq. (A6). Furthermore we take the (α, β) com-
ponent of the both hand sides in Eq. (A4) and its square:[
UEU−1 +A
]
αβ
=
[
U˜ E˜U˜−1
]
αβ
=
∑
j
U˜αjE˜jU˜
∗
βj =
∑
j
E˜jX˜
αβ
j
[(
UEU−1 +A
)2]
αβ
=
[
U˜ E˜2U˜−1
]
αβ
=
∑
j
U˜αjE˜
2
j U˜
∗
βj =
∑
j
E˜2j X˜
αβ
j . (A8)
From Eqs. (A7) and (A8), we have

1 1 1
E˜1 E˜2 E˜3
E˜21 E˜
2
2 E˜
2
3




X˜αβ1
X˜αβ2
X˜αβ3

 =


Y αβ1
Y αβ2
Y αβ3

 , (A9)
where we have introduced notations (Y αβ1 = δαβ):
Y αβℓ ≡
[(
UEU−1 +A
)ℓ−1]
αβ
. (A10)
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Eq. (A9) can be easily solved by inverting the Vandermonde matrix:


X˜αβ1
X˜αβ2
X˜αβ3

 =


1
∆E˜21∆E˜31
(E˜2E˜3, −(E˜2 + E˜3), 1)
−1
∆E˜21∆E˜32
(E˜3E˜1, −(E˜3 + E˜1), 1)
1
∆E˜31∆E˜32
(E˜1E˜2, −(E˜1 + E˜2), 1)




Y αβ1
Y αβ2
Y αβ3

 . (A11)
Note that Y αβℓ (ℓ = 1, 2, 3) in Eq. (A10) can be expressed by the known quantities, so that the
oscillation probability (A5) can be expressed analytically in terms of the known quantities.
To summarize this appendix, the following is a set of the procedures to obtain the analytic
form of the oscillation probability in the presence of constant generic matter potential:
(i) Obtain the roots E˜j of the eigenvalue equation |UEU−1 +A− t1| = 0.
(ii) Obtain the coefficients X˜αβj in Eq. (A11) by evaluating Y
αβ
ℓ ≡
[
(UEU−1 +A)ℓ−1
]
αβ
.
(iii) Substitute E˜j and X˜
αβ
j in Eq. (A5) to obtain P (να → νβ).
Appendix B: The disappearance oscillation probability of νµ at high-energy in the
standard three-flavor scenario in matter
In this appendix we derive the high-energy behavior of the the oscillation probability
P (νµ → νµ) in the standard three-flavor scenario in matter. At high-energy we can safely
ignore the contribution from the solar neutrino mass-squared difference ∆m221. In this case
the three eigenvalues can be easily obtained as E˜1, E˜2, E˜3 = λ−, 0, λ+ [72], where
λ± ≡ ∆E31 + A
2
± 1
2
√
(∆E31 cos 2θ13 −A)2 + (∆E31 sin 2θ13)2.
They have the following behavior at high-energy (|∆E31| = |∆m231|/2E ≪ A):
E˜1 ≃ ∆E31c213
E˜2 = 0
E˜3 ≃ A,
where cjk ≡ cos θjk. From these and the fact Y µµ2 = ∆E31|Uµ3|2, Y µµ3 = ∆E231|Uµ3|2 we get
the coefficients
Xµµ1 ≃
|Uµ3|2
c213
, Xµµ2 ≃ 1−
|Uµ3|2
c213
, Xµµ3 =
(
∆E31
A
)2
|Uµ3|2s213,
where sjk ≡ sin θjk. Hence we obtain the following behavior of the disappearance probability
at high-energy:
lim
E→∞
1− P (νµ → νµ)
(∆E31/A)2
≃ lim
E→∞
1
(∆E31/A)2
[
4
|Uµ3|2
c213
(
1− |Uµ3|
2
c213
)
sin2
(
c213∆E31L
2
)
+ 4
(
∆E31
A
)2
|Uµ3|2s213 sin2
(
AL
2
)]
≃ sin2 2θ23
(
c213AL
2
)2
+ s223 sin
2 2θ13 sin
2
(
AL
2
)
,
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or in other words, we have
1− P (νµ → νµ) ∝ 1
E2
. (B1)
Eq. (6) is the prediction for the high-energy behavior of the disappearance probability from
the standard three-flavor oscillations, and it is perfectly consistent with the atmospheric
neutrino data [73].
Appendix C: The disappearance oscillation probability of νµ at high-energy with
new physics: (i) ǫeµ and ǫµτ
In this appendix we consider the disappearance oscillation probability with new physics
in propagation given by Eq. (2), particularly with nonvanishing ǫeµ and ǫµτ . To simplify
calculations, let us normalize UEU−1 +A by A(1 + ǫee):
UEU−1 +A = A′

Udiag
(
0,
∆E21
A′
,
∆E31
A′
)
U−1 +


1 ǫ′eµ ǫ
′
eτ
(ǫ′eµ)
∗ ǫ′µµ ǫ
′
µτ
(ǫ′eτ )
∗ (ǫ′µτ )
∗ ǫ′ττ



 ,
where we have defined7
A′ ≡ A(1 + ǫee) (C1)
ǫ′αβ ≡
ǫαβ
1 + ǫee
. (C2)
From (3) we assume that |ǫ′eµ|, |ǫ′µµ|, |ǫ′µτ | are relatively small compared with one, while |ǫ′eτ |
and |ǫ′ττ | could be of order O(1).
First, we evaluate the energy eigenvalues for |∆E31/A′| ≪ 1, |ǫ′αµ| ≪ 1 (α = e, µ, τ),
|ǫ′ττ −|ǫ′eτ |2| ≪ 1, while |ǫ′ττ | and |ǫ′eτ | are not necessarily expected to be small. Furthermore,
we will ignore small corrections due to ∆E21/A
′ and sin θ13. Then the mass matrix becomes
1
A′
(
UEU−1 +A
)
≃


1 ǫ′eµ ǫ
′
eτ
(ǫ′µe)
∗ ǫ′µµ + s
2
23η ǫ
′
µτ + c23s23η
(ǫ′τe)
∗ (ǫ′µτ )
∗ + c23s23η ǫ
′
ττ + c
2
23η

 ≡


1 ǫ′eµ ǫ
′
eτ
(ǫ′eµ)
∗ ǫ′′µµ ǫ
′′
µτ
(ǫ′eτ )
∗ (ǫ′′µτ )
∗ ǫ′′ττ

 , (C3)
where
η ≡ ∆E31/A′ (C4)
has been introduced and the difference between ǫ′′αβ and ǫ
′
αβ is the term proportional to η.
Expanding the eigenvalue equation to first order in ǫ′ττ − |ǫ′eτ |2, and to second order in η,
ǫ′eµ, ǫ
′
µµ and ǫ
′
µτ , we have
0 =
∣∣∣∣ 1A′
(
UEU−1 +A
)
− t1
∣∣∣∣
= −t3 + t2(1 + ǫ′ττ + η)
+t
{
|ǫ′eµ|2 + |ǫ′′µτ |2 + |ǫ′eτ |2 − ǫ′ττ − (1 + s223ǫ′ττ )η − c223s223η2
}
−
[
|ǫ′′µτ |2 + ǫ′ττ |ǫ′eµ|2 − 2Re{ǫ′eµǫ′′µτ (ǫ′eτ )∗}+ s223(|ǫ′eτ |2 − ǫ′ττ )η − c223s223η2
]
. (C5)
7 Here, we have assumed that |1+ ǫee| is not very small. This assumption is reasonable, because otherwise
the solar neutrino would not feel the matter effect very much and it would contradict with the solar
neutrino data.
19
In the limit where all small parameters η, ǫ′ττ − |ǫ′eτ |2, ǫ′eµ, ǫ′µµ, ǫ′µτ , are zero, Eq. (C5) gives
the roots t = 0, 0, 1+ǫ′ττ . If we include the corrections to first order in the small parameters,
then we get{
t2
t1
}
=
1 + s223ǫ
′
ττ
1 + ǫ′ττ
η
2
± 1
2(1 + ǫ′ττ )
[
4(1 + ǫ′ττ )
{
|ǫ′′µτ |2 + ǫ′ττ |ǫ′eµ|2 − 2Re(ǫ′eµǫ′′µτ (ǫ′eτ )∗)
+s223(|ǫ′eτ |2 − ǫ′ττ )η − c223s223η2
}
+ (1 + s223ǫ
′
ττ )
2η2
]1/2
(C6)
t3 = 1 + ǫ
′
ττ +O(η, ǫ′αµ).
Next, we evaluate the quantities Y µµj . They are given by
Y µµ2 =
1
A′
(
UEU−1 +A
)
µµ
= ǫ′µµ + s
2
23η = ǫ
′′
µµ ,
Y µµ3 =
1
(A′)2
[(
UEU−1 +A
)2]
µµ
= |ǫ′eµ|2 + |ǫ′′µµ|2 + |ǫ′′µτ |2,
where ǫ′′αβ are defined in Eq. (C3). Plugging these results into Eq. (A11), we obtain
X˜µµ1 =
1
∆t21(1 + ǫ′ττ )
[
(t2 − ǫ′µµ − s223η)(1 + ǫ′ττ ) + |ǫ′eµ|2 + |ǫ′′µµ|2 + |ǫ′′µτ |2
]
X˜µµ2 =
−1
∆t21(1 + ǫ′ττ )
[
(t1 − ǫ′µµ − s223η)(1 + ǫ′ττ ) + |ǫ′eµ|2 + |ǫ′′µµ|2 + |ǫ′′µτ |2
]
X˜µµ3 =
1
(1 + ǫ′ττ )
2
[
t1 t2 − 1 + s
2
23ǫ
′
ττ
1 + ǫ′ττ
(ǫ′µµ + s
2
23η)η + |ǫ′eµ|2 + |ǫ′′µµ|2 + |ǫ′′µτ |2
]
, (C7)
where ∆t21 ≡ t2 − t1 and tj (j = 1, 2, 3) are given by Eq. (C6).
Let us now consider the situation in which the limit E → ∞ or η = ∆m231/(2A′E) → 0
is taken while ǫ′eµ 6= 0 and ǫ′µτ 6= 0 are kept. In this case, from Eq. (3), which implies
|ǫ′eµ|2 <∼ 0.1 and |ǫ′µτ |2 <∼ 0.1, and from Eqs. (C7), we get
1− P (νµ → νµ)
≃ 4X˜µµ1 X˜µµ2 sin2
(
∆t21A
′L
2
)
+ 4X˜µµ3 (1− X˜µµ3 ) sin2
(
(1 + ǫ′ττ )A
′L
2
)
, (C8)
where
4X˜µµ1 X˜
µµ
2 ≃ 1−
1 + ǫ′ττ
|ǫ′µτ |2 + ǫ′ττ |ǫ′eµ|2 − 2Re(ǫ′eµǫ′µτ (ǫ′eτ )∗)
( |ǫ′eµ|2 + |ǫ′µµ|2 + |ǫ′µτ |2
1 + ǫ′ττ
− ǫ′µµ
)2
,
4X˜µµ3 (1− X˜µµ3 ) ≃ 4X˜µµ3
≃ 4 |ǫ
′
eµ|2 + |ǫ′µµ|2 + |ǫ′µτ |2
(1 + ǫ′ττ )
2
− 4 |ǫ
′
µτ |2 + ǫ′ττ |ǫ′eµ|2 − 2Re(ǫ′eµǫ′µτ (ǫ′eτ )∗)
(1 + ǫ′ττ )
3
,
∆t21 ≃ 2t2 ≃ 2
[ |ǫ′µτ |2 + ǫ′ττ |ǫ′eµ|2 − 2Re(ǫ′eµǫ′µτ (ǫ′eτ )∗)
1 + ǫ′ττ
]
.
Recovering the original notations, we obtain Eq. (8) from Eq. (C8). Since the argument
(1 + ǫ′ττ )A
′L/2 = (1 + ǫee + ǫττ )AL/2 of the sine function of the second term on the right
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hand side of Eq. (8) is of the same order as AL/2, in order for Eq. (8) to be consistent with
the atmospheric neutrino data at high-energy (cf. Eq. (B1)), at least either of the followings
has to be satisfied: (i) ∆t21 = X˜
µµ
3 = 0 or (ii) 4X˜
µµ
1 X˜
µµ
2 = X˜
µµ
3 = 0. Let us introduce the
two quantities:
F ≡ |ǫ′eµ|2 + |ǫ′µµ|2 + |ǫ′µτ |2
G ≡ |ǫ′µτ |2 + ǫ′ττ |ǫ′eµ|2 − 2Re(ǫ′eµǫ′µτ (ǫ′eτ )∗).
Then, in the case of (i), we have F ≃ G ≃ 0, which implies |ǫ′eµ| ≃ |ǫ′µµ| ≃ |ǫ′µτ | ≃ 0. In the
case of (ii), on the other hand, we get
(
F
1 + ǫ′ττ
− ǫ′µµ
)2
≃ G
1 + ǫ′ττ
F ≃ G
1 + ǫ′ττ
.
From these equations and the fact that |ǫ′eµ|2 <∼ 0.1 and |ǫ′µτ |2 <∼ 0.1, it follows that
|ǫ′eµ|2 + |ǫ′µτ |2 ≃ ǫ′ττ (ǫ′µµ)2,
i.e., in the original notation,
|ǫeµ|2 + |ǫµτ |2 ≃ ǫττ (ǫµµ)
2
1 + ǫee
,
has to be satisfied at least, if a consistent solution exists at all. The bounds from (i) or (ii)
are stronger that of Eq. (3), and it is expected that the three parameters ǫeµ, ǫµµ, ǫµτ are
negligibly small compared to ǫee, ǫeτ and ǫττ , although this speculation has to be verified by
numerical calculations.
Appendix D: The disappearance oscillation probability of νµ at high-energy with
new physics: (ii) ǫττ − |ǫeτ |2/(1 + ǫee)
In this appendix we assume that ǫeµ and ǫµτ are zero and discuss the case in which ǫee,
ǫeτ and ǫττ are of order O(1). In this case the energy eigenvalue equation (C5) becomes
0 = −t3 + t2(1 + ǫ′ττ + η)− t{ζ ′ + (1 + s223ǫ′ττ )η}+ s223ζ ′η,
where ǫ′αβ and η are defined in Eqs. (C2) and (C4), respectively, and
ζ ′ ≡ ǫ′ττ − |ǫ′eτ |2.
In the case where |η| ≪ 1, the three roots are given by
t1 ≃ 0{
t2
t3
}
≃ 1 + ǫ
′
ττ
2
∓
√(
1 + ǫ′ττ
2
)2
− ζ ′,
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and X˜µµj are given by
X˜µµ1 ≃ 1−
1 + ǫ′ττ
ζ ′
ηs223
X˜µµ2 ≃
t3
t2∆t32
ηs223 =
t23
ζ ′∆t32
ηs223
X˜µµ3 ≃ −
t2
t3∆t32
ηs223 = −
ζ ′
t23∆t32
ηs223.
The disappearance oscillation probability has the following behavior:
1− P (νµ → νµ) ≃ −η 4s
2
23
∆t32
[
t23
ζ ′
sin2
(
ζ ′A′L
2t3
)
+
ζ ′
t23
sin2
(
t3A
′L
2
)]
+η2
4s423
(∆t32)2
sin2
(
A′∆t32L
2
)
,
where ∆t32 ≡ t3 − t2. By recovering the original notations, we obtain Eq. (9).
Appendix E: The disappearance oscillation probability of νµ at high-energy with
new physics: (iii) ǫee, ǫeτ and ǫττ = |ǫeτ |2/(1 + ǫee)
In this appendix we assume ζ ′ = ǫ′ττ − |ǫ′eτ |2 = 0 and derive the high-energy behavior
(11). In this case, introducing the new variable tβ ≡ |ǫeτ |/(1 + ǫee) (cf. Eq. (10)), we have
|ǫ′eτ | =
|ǫeτ |
1 + ǫee
= tβ ,
ǫ′ττ = |ǫ′eτ |2 = t2β .
Recovering the small corrections due to θ13, we have the energy eigenvalue equation:
0 = −t3 + t2(1 + t2β + η)− tη
(
1 + t2β − |Ue3 + Uτ3ǫ′eτ |2
)
,
= −t
{
t2 − (1/c2β + η)t+ η(c′′13)2/c2β
}
,
where c′′13 ≡ cos θ′′13 and θ′′13 is defined by Eq. (F6) The three roots in this case are t1 = 0,
t2 ≃ η(c′′13)2, t3 ≃ 1/c2β. Then we have the following high-energy behavior (11) in the limit
E →∞:
1− P (νµ → νµ)
(∆E31/A)2
=
1− P (νµ → νµ)
(1 + ǫee)2η2
≃ 4 s
2
23
(c′′13)
2
{
1− s
2
23
(c′′13)
2
}{
(c′′13)
2AL
2
}2
+
s223
(c′′13)
2
sin2 2θ′′13
(
c2β
1 + ǫee
)2
sin2
(
(1 + ǫee)AL
2c2β
)
.
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Appendix F: The analytic expression of P (νµ → νe) with new physics in propagation
In this appendix we discuss the analytic form of the oscillation probability P (νµ → νe).
From the formula (A5) we have
P (νµ → νe) = −4Re
(
X˜µe1 X˜
µe∗
2
)
sin2
(
∆E˜21L
2
)
− 4Re
(
X˜µe2 X˜
µe∗
3
)
sin2
(
∆E˜32L
2
)
−4Re
(
X˜µe1 X˜
µe∗
3
)
sin2
(
∆E˜31L
2
)
−8Im
(
X˜µe1 X˜
µe∗
2
)
sin
(
∆E˜21L
2
)
sin
(
∆E˜32L
2
)
sin
(
∆E˜31L
2
)
. (F1)
From Eq. (A11) X˜µej can be expressed as
X˜µe1 =
1
∆E˜21∆E˜31
{
Y µe3 − (E˜2 + E˜3)Y µe2
}
X˜µe2 =
−1
∆E˜21∆E˜32
{
Y µe3 − (E˜3 + E˜1)Y µe2
}
X˜µe3 =
1
∆E˜31∆E˜32
{
Y µe3 − (E˜1 + E˜2)Y µe2
}
,
where Y µej (j = 2, 3) is defined by Eq. (A10). and are given by
Y µe2 = ∆E31X
µe
3 +∆E21X
µe
2
Y µe3 = (∆E31)
2Xµe3 + (∆E21)
2Xµe2 + A∆E31 {(1 + ǫee)Xµe3 + ǫτeXµτ3 }
+A∆E21 {(1 + ǫee)Xµe2 + ǫτeXµτ2 } . (F2)
Here we have introduced the same quantity in vacuum:
Xαβj ≡ UαjU∗βj .
As shown in Ref. [67], in the limit ∆m221 → 0, E˜j can be expressed as roots of a quadratic
equation. First, let us review how to obtain them. With the ansatz (16), we have
A = A′′ eiγλ9e−iβλ5 λ0 + λ9
2
eiβλ5e−iγλ9 , (F3)
where β is defined by Eq. (10),
A′′ ≡ A(1 + ǫee)/c2β, (F4)
γ ≡ 1
2
arg (ǫeτ ),
and we have introduced notations for 3× 3 hermitian matrices:
λ2 ≡

 0 −i 0i 0 0
0 0 0

 , λ5 ≡

 0 0 −i0 0 0
i 0 0

 , λ7 ≡

 0 0 00 0 −i
0 i 0

 ,
λ0 ≡

 1 0 00 0 0
0 0 1

 , λ9 ≡

 1 0 00 0 0
0 0 −1

 .
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Here, λ2, λ5 and λ7 are the standard Gell-Mann matrices whereas λ0 and λ9 are the notations
which are defined only in this paper.
The mass matrix can be written as
UEU−1 +A = eiγλ9e−iβλ5
[
eiβλ5e−iγλ9UEU−1eiγλ9e−iβλ5 + diag (A′′, 0, 0)
]
eiβλ5e−iγλ9 .
Here, we introduce the two unitary matrices:
U ′ ≡ eiβλ5e−iγλ9 U
≡ diag(1, 1, eiargU ′τ3)U ′′ diag(eiargU ′e1 , eiargU ′e2 , 1),
where U is the 3× 3 MNS matrix in the standard parametrization [1] and U ′′ was defined in
the second line in such a way that the elements U ′′e1, U
′′
e2, U
′′
τ3 be real to be consistent with
the standard parametrization in Ref. [1] 8. Then we have
UEU−1 +A = eiγλ9e−iβλ5diag(1, 1, eiargU ′τ3)
[
U ′′EU ′′−1 + diag (A′′, 0, 0)
]
×diag(1, 1, e−iargU ′τ3) eiβλ5e−iγλ9 . (F5)
Before proceeding further, let us obtain the expression for the three mixing angles θ′′jk and
the Dirac phase δ′′ in U ′′. Since
U ′ =

 cβe
−iγUe1 + sβe
iγUτ1 cβe
−iγUe2 + sβe
iγUτ2 cβe
−iγUe3 + sβe
iγUτ3
Uµ1 Uµ2 Uµ3
cβe
−iγUτ1 − sβeiγUe1 cβe−iγUτ2 − sβeiγUe2 cβe−iγUτ3 − sβeiγUe3

 ,
where cβ ≡ cos β, sβ ≡ sin β, we get
θ′′13 = sin
−1 |U ′′e3| = sin−1 |cβe−iγUe3 + sβeiγUτ3| (F6)
θ′′12 = tan
−1(U ′′e2/U
′′
e1) = tan
−1
(
|cβe−iγUe2 + sβeiγUτ2|/|cβe−iγUe1 + sβeiγUτ1|
)
(F7)
θ′′23 = tan
−1(U ′′µ3/U
′′
τ3) = tan
−1
(
Uµ3/|cβe−iγUτ3 − sβeiγUe3|
)
(F8)
δ′′ = −arg
[
(U ′e3)
−1U ′e1U
′
e2U
′
τ3
]
.
As shown in Ref. [72], in the limit ∆m221 → 0, the matrix on the right hand side of Eq. (F5)
can be diagonalized as follows:
U ′′EU ′′−1 + diag (A′′, 0, 0)− E11
= eiθ
′′
23
λ7Γδ′′e
iθ′′
13
λ5Γ−1δ′′ e
iθ′′
12
λ2diag (0, 0,∆E31) e
−iθ′′
12
λ2Γδ′′e
−iθ′′
13
λ5Γ−1δ′′ e
−iθ′′
23
λ7 + diag (A′′, 0, 0)
= eiθ
′′
23
λ7Γδ′′
[
eiθ
′′
13
λ5diag (0, 0,∆E31) e
−iθ′′
13
λ5 + diag (A′′, 0, 0)
]
Γ−1δ′′ e
−iθ′′
23
λ7
= eiθ
′′
23
λ7Γδ′′e
iθ˜′′
13
λ5diag (Λ−, 0,Λ+) e
−iθ˜′′
13
λ5Γ−1δ′′ e
−iθ′′
23
λ7 ,
where Γδ′′ ≡ diag(1, 1, e−iδ′′), ∆E31 ≡ ∆m231/2E, we have used the standard parametriza-
tion [1] U ′′ ≡ eiθ′′23λ7Γδ′′eiθ′′13λ5Γ−1δ′′ eiθ′′12λ2 , and the eigenvalues Λ± and the effective mixing angle
θ˜′′13 are defined by
Λ± =
1
2
(∆E31 + A
′′)± 1
2
√
(∆E31 cos 2θ′′13 − A′′)2 + (∆E31 sin 2θ′′13)2
tan 2θ˜′′13 =
∆E31 sin 2θ
′′
13
∆E31 cos 2θ
′′
13 −A′′
.
8 The element U ′′τ2 has to be also real, but it is already satisfied because U
′′
τ2 = Uτ2.
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In the present case, since we consider the oscillation probability P (νµ → νe) in Korea
at low energy, i.e., at L = 1050 km with E = 0.7 GeV, the mass-squared difference due
to the solar neutrino oscillation gives a non–negligible contribution ∆E21L ∼ 0.3 and the
correction in |∆m221|/|∆m231| becomes important.
The discussions in Ref. [67] can be generalized to the case with non-vanishing ∆m221, since
discussions up to Eq. (F5) are valid for a generic value of ∆m221 6= 0 and all we have to do is
to obtain the correction to the energy eigenvalues due to small ∆m221. The energy eigenvalue
E˜j to first order in |∆m221|/|∆m231| can be computed and are given by
E˜1 = Λ− +
(s′′12)
2
Λ+ − Λ−
{
Λ+ − (c′′13)2A′′
}
∆E21
E˜2 = (c
′′
12)
2∆E21
E˜3 = Λ+ − (s
′′
12)
2
Λ+ − Λ−
{
Λ− − (c′′13)2A′′
}
∆E21, (F9)
where c′′jk ≡ cos θ′′jk and s′′jk ≡ sin θ′′jk. As seen from these expressions, in the limit ∆m221 → 0,
all the quantities depend on the phase only through the combination δ+arg(ǫeτ ), since they
depend only on θ′′13 which is a function of the combination δ+arg(ǫeτ ). On the other hand, the
oscillation probability P (νµ → νe) in Korea has the moderate dependence on δ and arg(ǫeτ )
separately, because the first order corrections in |∆m221|/|∆m231| to E˜j have dependence on
θ′′12, which is approximately a function of arg(ǫeτ ) only.
Appendix G: The T violating term in P (νµ → νe)
In this appendix, to see the contribution of the two phases δ and arg(ǫeτ ) in P (νµ → νe),
we will study the T violating term, which is the last line in Eq. (F1). This term contains
the modified Jarlskog factor Im(X˜µe1 X˜
µe∗
2 ), and it can be rewritten as
Im(X˜µe1 X˜
µe∗
2 ) =
−1
(∆E˜21)2∆E˜31∆E˜32
Im
[{
Y µe3 − (E˜2 + E˜3)Y µe2
} {
Y µe3 − (E˜3 + E˜1)Y µe2
}∗]
=
−1
∆E˜21∆E˜31∆E˜32
Im {Y µe3 (Y µe2 )∗} . (G1)
In the present case with the ansatz (16), instead of using the explicit expressions (F2), it is
convenient to work with the following form:
Y µe2 = (UEU−1 +A)µe = (UEU−1)µe
Y µe3 =
[(
UEU−1 +A
)2]
µe
= (UE2U−1)µe + (UEU−1)µeAee + (UEU−1)µτAτe ,
so that the factor Im{Y µe3 (Y µe2 )∗} in Eq. (G1) can be expressed as
Im {Y µe3 (Y µe2 )∗} = Im
[
(UEU−1)∗µe
{
(UE2U−1)µe + (UEU−1)µτAτe
}]
= Im {Y µe3 (Y µe2 )∗}std + Im {Y µe3 (Y µe2 )∗}NP , (G2)
where the term (UEU−1)µeAee in Y µe3 has dropped as in the case of the standard scheme,
because |(UEU−1)µe|2Aee is real. In Eq. (G2) we have introduced the notations:
Im {Y µe3 (Y µe2 )∗}std ≡ Im
[
(UEU−1)∗µe(UE2U−1)µe
]
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= Im
[
{(∆E31)2Xµe3 + (∆E21)2Xµe2 }{∆E31(Xµe3 )∗ +∆E21(Xµe2 )∗}
]
= ∆E21∆E31∆E32 Im {Xµe3 (Xµe2 )∗} (G3)
is the Jarlskog factor in the standard three-flavor scheme [74], and
Im {Y µe3 (Y µe2 )∗}NP ≡ Im
{
(UEU−1)∗µe(UEU−1)µτAτe
}
= Im [A(ǫeτ )
∗{∆E31(Xµe3 )∗ +∆E21(Xµe2 )∗}(∆E31Xµτ3 +∆E21Xµτ2 )]
= A|ǫeτ |
[
(∆E31)
2 Im{(Xµe3 )∗Xµτ3 e2iγ}
+∆E31∆E21 Im{(Xµe3 )∗Xµτ2 e2iγ + (Xµe2 )∗Xµτ3 e2iγ}
+(∆E21)
2 Im{(Xµe2 )∗Xµτ2 e2iγ}
]
(G4)
is the extra contribution to the Jarlskog factor due to new physics. If θ13 is small, then the
dominant contribution in the new physics term (G4) comes from the middle one which is
proportional to A|ǫeτ |∆E31∆E21|Xµe2 ||Xµτ3 |, and this should be compared with the standard
factor (G3) to examine which contribution dominates the T violating term.
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